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Abstract
We discuss transformation of p-adic pseudodifferential operators (in the one–dimensional
and multidimensional cases) with respect to p-adic maps which correspond to automorphisms
of the tree of balls in the corresponding p-adic spaces.
In the dimension one we find a rule of transformation for pseudodifferential operators. In
particular we find the formula of pseudodifferentiation of a composite function with respect
to the Vladimirov p-adic fractional operator. We describe the frame of wavelets for the group
of parabolic automorphisms of the tree T (Qp) of balls in Qp.
In many dimensions we introduce the group of mod p-affine transformations, the family of
pseudodifferential operators corresponding to pseudodifferentiation along vector fields on the
tree T (Qdp) and obtain a rule of transformation of the introduced pseudodifferential operators
with respect to mod p-affine transformations.
Keywords: p-adic pseudodifferential operators, p-adic wavelets, groups of automorphisms of
trees
1 Introduction
The present paper discusses action of some p-adic groups of transformations on p-adic pseudodif-
ferential operators.
p-Adic pseudodifferential operators (see the Appendix) were discussed in the books [1, 2] and
in many papers, see in particular [3, 4, 5, 6, 7, 8]. These operators are non–local. In the real case
the analogous operators possess only a finite dimensional group of symmetries. For applications of
p-adic pseudodifferential operators and other models of p-adic mathematical physics see [9], [10].
p-Adic wavelets were introduced in [3] and discussed in many papers, in particular, multidi-
mensional wavelet bases and relation to representations of some p-adic groups of transformations
were considered in [8]. p-Adic wavelets are associated to balls in Qp — to any ball we put in
correspondence the wavelets supported in this ball which are constant on maximal subballs of
the ball. The set of balls in Qp can be considered as a tree T (Qp) (see the Appendix for the
definitions).
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We can consider the linear combinations of wavelets (i.e. the p-adic test functions from the
space D0(Qp) of mean zero locally constant complex valued functions with compact support) as
sections of the fiber bundle over the tree T (Qp). These sections take values in the finite dimensional
wavelet spaces associated to balls in Qp.
Since p-adic wavelets are eigenvectors of p-adic pseudodifferential operators [3, 4, 5, 6, 7] p-adic
pseudodifferential operators can be considered as local operators in the wavelet fiber bundle on the
tree T (Qp). In this language a pseudodifferential operator is a vector field over the tree T (Qp).
Therefore it is natural to investigate transformations of p-adic pseudodifferential operators
with respect to automorphisms of the tree T (Qp). These transformations can be considered as
analogs of transformations of vector fields with respect to diffeomorphisms in differential geometry.
In this paper we consider some basic objects of the p-adic pseudodifferential geometry, related to
wavelets, pseudodifferential operators and automorphisms of trees.
We consider the one–dimensional and multidimensional cases.
In the one–dimensional case we investigate the action of the group generated by isometries
and dilations. This group can be considered as a group of automorphisms of the tree T (Qp) of
balls in Qp which conserve the infinite point of the absolute of the tree (the parabolic subgroup
of the group of automorphisms of the tree T (Qp)). Groups of automorphisms of trees and their
representations were studied in [11, 12, 13, 14, 15, 16]. The discussed groups do not possess finite
sets of generators. In this sense these groups are infinite dimensional.
In the present paper we prove the following statement: let φ be a one–to–one map φ : Qp → Qp,
which satisfies the following property: the image and the inverse image of any ball are balls (i.e. the
map is a ball–morphism, see for example [12]). Let the map φ also be continuously differentiable.
The corresponding map of functions is defined as follows:
Φf(x) = f(φ(x)), x ∈ Qp, f : Qp → C. (1)
We show that the Vladimirov operator Dα of p-adic fractional differentiation will satisfy the
following formula of pseudodifferentiation of a composite function
Dα ◦ Φf(x) = |φ′(x)|αp Φ ◦D
αf(x).
We discuss the action of this group in the basis of wavelets and show that the orbit of the
unitary action of the group of ball–morphisms is a tight frame (see the Appendix for definitions).
We compute a bound for this frame.
In the multidimensional case we perform the following constructions. We put in correspondence
to subballs of a d-dimensional p-adic ball the elements of the module Fdp (the d-dimensional module
over the field of residues mod p). Taking the union over all balls in Qdp we obtain a natural fiber
bundle over the base T (Qdp) with layers F
d
p.
We introduce the group of mod p-affine isometries. Transformations from this group act as
affine transformations in the described above fiber bundle (i.e. the transformations are automor-
phisms of T (Qdp) and the corresponding maps of the set of subballs of a ball to the set of subballs
of the image of the ball act as affine transformations on the layers Fdp of the fiber bundle).
We consider the sections of the introduced Fdp-valued fiber bundle over T (Q
d
p) (a F
d
p-valued
vector fields). To any Fdp-valued vector field we put in correspondence some pseudodifferential
operator acting in L2(Qdp) (a pseudodifferentiation along F
d
p-valued vector field on T (Q
d
p)). The
introduced family of pseudodifferential operators is new.
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Then we find a rule of transformation of the introduced pseudodifferential operators with
respect to mod p-affine isometries. In particular we show that a pseudodifferential operator from
the introduced family maps to an operator from the same family.
The exposition of the present paper is as follows.
In Section 2 we discuss groups of automorphisms of trees related to isometries and dilations
of Qp. These results in general may be found in the literature but we put here the discussion to
give the exposition of relation of p-adic analysis and groups of automorphisms of trees.
In Section 3 using the results of Section 2 we describe transformations of (one–dimensional)
p-adic pseudodifferential operators with respect to maps Qp → Qp corresponding to parabolic
automorphisms of the tree T (Qdp).
In Section 4 we describe the frame in L2(Qp) obtained by the action of the parabolic group on
wavelets.
In Section 5 we give the definition of mod p-affine isometries of Qdp.
In Section 6 we describe a relation between vectors in the above mentioned fiber bundle over
the tree T (Qdp) with the layer F
d
p and some families of subset in Q
d
p.
In Section 7 we introduce a family of multidimensional pseudodifferential operators related
to vector fields the tree T (Qdp) with values in F
d
p and find a formula of transformation of the
introduced operators with respect to mod p-affine isometries f Qdp.
In Section 8 (the Appendix) we put some results of p-adic analysis.
2 Groups acting on trees
There exist a known duality between ultrametric spaces and trees (see the Appendix for discus-
sion). In the p-adic case the corresponding tree can be considered as a Bruhat–Tits tree. The
boundary of the Bruhat–Tits tree is a p-adic projective line (absolute of the tree), and the tree can
be considered as a tree of balls in Qp. We consider the group of automorphisms of the Bruhat–Tits
tree (or ball–morphisms).
Let us remind that the absolute of the tree can be considered as a set of equivalence classes of
half–infinite paths in the tree, the paths are equivalent if they coincide starting from some vertex
of the tree (i.e. an equivalence class contains paths with coinciding tails).
Consider the following subgroups in the group of automorphisms of the Bruhat–Tits tree.
1) The parabolic subgroup contains automorphisms of the tree which conserve some fixed point
of the absolute. This point can identified with the infinite point∞ of the projective line. Therefore
the parabolic group can be identified with the group of ball–morphisms of Qp, i.e. the group of
one–to–one maps of Qp for which the image and the inverse image of any ball are balls.
2) The orispheric subgroup in the parabolic group contains ball–morphisms φ which conserve
not only the point ∞ of the absolute of the tree, but for any φ in the orispheric subgroup there
exist a path in the tree in the equivalence class of ∞ such that φ conserves the tail of the path
(i.e. maps any vertex in the path to itself starting from some vertex in the path). Equivalently,
the orispheric map φ conserves some ball I in Qp and the sequence of increasing balls starting in
I.
Lemma 1 The orispheric group coincides with the group of isometries in Qp.
3
Proof Let us show that the transformation from the orispheric group is an isometry. Let the
transformation φ from the orispheric group conserve some ball I (and therefore also conserve the
sequence of increasing balls starting from I).
For a ball J we consider the image φ(J) of this ball. Let us show that
diam (J) = diam (φ(J)),
where diam is the diameter of the ball.
By definition
φ(sup(I, J)) = sup(I, J),
where sup(I, J) is the minimal ball which contains the both balls I, J .
Consider the maximal (finite) sequence of increasing embedded balls {J1, . . . , Jm}, J1 = J ,
Jm = sup(I, J), Ji ⊂ Ji+1. The diameters of the neighbor (embedded) balls in this sequence differ
by a multiplication by p.
The image of this sequence is {φ(J1), . . . , φ(Jm)}, φ(J1) = φ(J), where φ(Jm) = φ(sup(I, J)) =
sup(I, J) = Jm (by orisphericity of the map φ).
Since φ is a ball–morphism, the sequence {φ(J1), . . . , φ(Jm)} is a maximal sequence of nested
balls (of the same length m). The diameters of the neighbor balls in this sequence differ by a
multiplication by p. Since
diam (Jm) = diam (φ(Jm)),
we obtain
diam (J) = diam (φ(J)),
i.e. φ is an isometry.
Let us show that if a map φ is an isometry then φ belongs to the orispheric group.
Let us show that an isometry maps a ball into a ball with the same diameter. Consider
a ball I and x ∈ I is a point (a center of I). Then the image φ(I) is a subset of a ball J ,
diam (J) = diam (I), and φ(x) is a center of J .
By isometricity of φ the set φ(I) contains points which belong to at least two different maximal
subballs in J . The inverse images of these points (the inverse images are unique by isometricity)
will belong to the different maximal subballs in I. If I contains other maximal subball, we choose
a point in this subball and consider the image of this point with respect to φ. By isometricity of
φ this image will belong to the third (different from the considered earlier) maximal subballs in
J .
Repeating this argument and taking into account that the ball J contains a finite number of
maximal subballs we prove that φ(I) contains points of all maximal subballs in J .
Repeating the above arguments for maximal subballs in maximal subballs I and so forth we get
that φ(I) contains dense subset of J . Then by continuity of the isometry φ we get that φ(I) = J
(the image w.r.t. φ of a closed set is closed).
Let us show that the isometry φ is surjective (and thus is a one–to one map). Assume that
there exists x ∈ Qp which does not belong to the image of φ. Then there exists a sufficiently large
ball J with a center in x which contains a point y belonging to the image of φ.
Consider the inverse image φ−1(y) and a ball I with the diameter diam (J) and the center
φ−1(y). Then we can apply the above arguments to the pair of balls I, J and show that φ(I) = J
(therefore x belongs to the image of φ).
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We have proved that an isometry φ is a ball–morphism which conserves the diameters of balls.
Let us show that for an isometry φ there exists a ball I with the following property: the map
φ conserves the increasing sequence of balls which begins in I (i.e. the ball–morphism φ will be
orispheric).
Namely for a point x we consider the ball I = sup (x, φ(x)) (i.e. the minimal ball which
contains x and φ(x)).
Since I contains x and φ(x), the image T (I) does intersect the ball I. Since diam(I) =
diam(φ(I)) and φ is a ball–morphism we have I = φ(I). By the same argument for any ball J ⊃ I
we get φ(J) = J .
Therefore the isometry φ is an orispheric ball–morphism which finishes the proof of the lemma.

The following statement can be found in [11].
Lemma 2 The orispheric group is a normal subgroup in the parabolic group, moreover the
factor–group is isomorphic to Z.
For the p-adic case, the mentioned above factor–group can be identified with the group of
multiplications by degrees of p. In particular, we will prove the following lemma.
Lemma 3 An arbitrary transformation belonging to the parabolic group can be uniquely ex-
pressed as a product of the multiplication by a degree of p and an isometry (i.e. a map from the
orispheric group).
Proof Let a ball–morphism η (i.e. a map from the parabolic group) map some ball I to the ball
η(I) with the diameter pγ diam (I).
It is easy to see that the multiplication by pγ belongs to the parabolic group. Let us show that
the (parabolic) ball–morphism φ = pγS belongs to the orispheric group.
By definition diam (φ(I)) = diam (I).
Let us consider the ball J = sup(I, φ(I)) (the minimal ball which contains I and φ(I)). Since
diam (φ(I)) = diam (I) then the lengths of sequences of nested balls between J and I, respectively
J and φ(I) are equal.
Since J = sup(I, φ(I)) then φ(J) = sup(φ(I), φ2(I)). Since φ is a ball–morphism the lengths
of sequences of nested balls between J and I, φ(I), and between φ(J) and φ(I), φ2(I) are equal.
Since diam (I) = diam (φ(I)) we obtain diam (J) = diam (φ(J)).
By the construction, the ball φ(J) has non–zero intersection with the ball J , i.e. one of the
balls J , φ(J) contains the other ball. Since the mentioned balls have equal diameters we get
J = φ(J). Analogously L = φ(L) for any L ⊃ J .
We have proved that the map φ = pγη belongs to the orispheric group.
The uniqueness of the obtained decomposition of the parabolic map S in the composition of
the orispheric map φ and dilation by p−γ is obvious. 
In contrast to the real case, in the p-adic case the group of isometries does not possess a finite
set of generators. The parabolic group (i.e. the group of ball morphisms) for p-adic analysis
should play the role of the group of diffeomorphisms in real analysis.
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One can consider p-adic diffeomorphisms. It is easy to check that there exist diffeomorphisms
which do not belong to the group of ball–morphisms. Also there exist non–differentiable ball–
morphisms.
The following lemma can be found in [17].
Lemma 4 1) If the function f : Qp → Qp is differentiable at a and the derivative at a is
not equal to zero, then there exists a ball with a sufficiently small diameter and the center in a,
satisfying the property: for any x in this ball
|f(x)− f(a)|p = |f
′(a)|p|x− a|p.
2) If the function f : Qp → Qp is differentiable at a and the derivative at a is equal to zero,
then ∀C > 0 there exists a ball with a sufficiently small diameter and the center in a, satisfying
the property: for any x in this ball
|f(x)− f(a)|p ≤ C|x− a|p.
Corollary 5 For a continuously differentiable isometry on Qp the norm of the derivative is
equal to one.
3 Pseudodifferentiation of a composite function
In the present Section we investigate transformations of pseudodifferential operators with respect
to the action of parabolic maps.
Consider a pseudodifferential operator of the investigated in [4], [5], [6], [7] form
DF (·)f(x) =
∫
F (sup(x, y))(f(x)− f(y))dy.
Here the integration kernel F (I) is the complex valued function of balls I ∈ T (Qp).
Apply the parabolic transformation φ which corresponds to the dilation by pγ :
Φ ◦DF (·)f(x) = Df(φ(x)) =
∫
F (sup(φ(x), y))(f(φ(x))− f(y))dy =
=
∫
F (φ(sup(x, y)))(f(φ(x))− f(φ(y)))dφ(y) = p−γ
∫
F (φ(sup(x, y)))(f(φ(x))− f(φ(y)))dy.
Here Φ is the map of functions (1) which corresponds to the isometry φ. Since
DF (·) ◦ Φf(x) =
∫
F (sup(x, y))(f(φ(x))− f(φ(y)))dy
we get the transformation rule
Φ ◦DF (·) = p
−γDF (φ(·)) ◦ Φ. (2)
Applying this formula to the Vladimirov operator
Dαf(x) = Γ−1p (−α)
∫
f(x)− f(y)
|x− y|1+αp
dy
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of p-adic fractional differentiation we get a natural formula for the pseudodifferentiation of a
composite function:
Dα ◦ Φf(x) = p−γαΦ ◦Dαf(x).
In the case where the parabolic ball–morphism φ is continuously differentiable on Qp, by
corollary 5 the multiplier p−γα can be expressed as the degree of the norm of the derivative of the
map φ:
Dα ◦ Φf(x) = |φ′(x)|αp Φ ◦D
αf(x).
The above formula can be compared with the formula of differentiation of a composite function
in real analysis
d
dx
f(φ(x)) =
df(y)
dy
∣∣∣∣
y=φ(x)
dφ(x)
dx
.
We have proved that in p-adic analysis for the non-local Vladimirov operator Dα of fractional
differentiation there exists an analog of the formula of differentiation of a composite function. Let
us note that the group of ball–morphisms does not possess a finite set of generators. In this sense
this group is infinite dimensional. From the point of view of the analysis of p-adic pseudodifferential
operators the group of ball–morphisms is a natural analog of the group of diffeomorphisms in real
analysis.
4 Action of parabolic group on wavelets
The action of the group of (parabolic) ball–morphisms in Qp generates a representation of this
group in L2(Qp). We consider the unitary representation of the group, i.e. for a ball–morphism
equal to a composition of an isometry φ and a dilation by pγ the corresponding transformation in
L2(Qp) will have the form
f(x) 7→ p
γ
2 f (φ(pγx)) .
Let us remind that for any ball in Qp we have the p − 1-dimensional space of wavelets with
the support equal to this ball. In particular the wavelet ψ = χ(p−1x)Ω(|x|p) is related to the unit
ball Zp.
A ball–morphism φ in Qp maps a ball to a ball and maximal subballs in a ball to maximal
subballs in a ball. The condition of zero mean is conserved by a ball–morphism. Therefore a
wavelet related to a ball I maps to a function related to a ball φ(I), where the space of functions
related to a ball B is defined as the set of mean zero linear combinations of characteristic functions
of maximal subballs in B.
We have the following lemma about the orbit (see the Appendix for the definition of a frame):
Lemma 6 The orbit of the p-adic wavelet ψ = χ(p−1x)Ω(|x|p) with respect to the group of
(parabolic) ball–morphisms in Qp is the tight uniform frame in L
2(Qp) which consists of the union
of sets of functions related to all balls in Qp.
The set of functions related to a ball has the following form: any of the functions takes values
on maximal subballs of the ball (support of the function) equal to (w.r.t. normalization) the
p-roots of one exp(2piim/p), m = 0, 1, . . . , p−1, and the values of any function from the set under
consideration at the different maximal subballs are different.
The bound of this frame is equal to p!/(p− 1).
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Proof Ball–morphisms which conserve a ball acts by substitutions on the set of maximal subballs
of the ball. Applying this observation to the ball Zp and the wavelet ψ we get the set of p! functions
related to the ball.
Since the parabolic group is transitive on the set of balls in Qp we get that the orbit of the
wavelet ψ is the set of functions described above.
Let us show that the constructed set is a tight frame and compute the bound of this frame. To
prove that the orbit of the wavelet ψ is a tight frame with the bound A it is sufficient to prove that
for the characteristic function Ω(|x|p) of the unit ball and the wavelets ψ
(N) from the mentioned
orbit we will have ∑
N
|〈Ω(| · |p), ψ
(N)〉|2 = A.
The sum is taken over all elements of the orbit.
It is easy to see that the non zero scalar products in the above series have the form
|〈Ω(| · |p), ψ
(N)〉| = p−
γ
2 ,
where the function ψ(N) is related to the ball J with the diameter pγ, γ ≥ 1, J ⊃ Zp.
Thus ∑
N
|〈Ω(| · |p), ψ
(N)〉|2 = p!
∞∑
γ=1
p−γ =
p!
p− 1
.
The homogeneity of the frame follows from the unitarity of the representation of the parabolic
group. 
5 mod p-Affine isometries in many dimensions
In the multidimensional case one can apply to investigation of isometries the construction of
Section 2. In the present Section we formulate the alternative approach — we define a subgroup
of the group of isometries which contains mod p-affine maps.
Let us consider the map φ : Qdp → Q
d
p, which is a one–to–one isometry, i.e. an automorphism
of the tree of balls in the ultrametric space Qdp belonging to the orispheric group.
For a ball B ⊂ Qdp we put in correspondence to maximal subballs in B the elements of the
module (over the field of residues mod p) Fdp. The elements of this module can be considered as
vectors (b1, . . . , bd), bl = 0, . . . , p− 1 with the natural structure of the module mod p. We call this
module the tangent module for the ball B.
There exists a natural map TB : B → F
d
p. Namely for some point xB ∈ B we consider the
translation of B to itself followed by the dilation and factorization mod pZdp of the following form
TB : B → F
d
p,
TB : x 7→ (x− xB)diam(B)
(
mod pZdp
)
.
For the isometry φ which maps the ball B to the ball φ(B) we define the tangent map
φB : F
d
p → F
d
p,
φB = Tφ(B) ◦ φ ◦ T
−1
B .
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Since an isometry maps balls to balls the map φB is defined correctly and is a one–to–one map.
This map is defined non uniquely (it depends on xB, xφ(B)).
We shall consider particular isometries which satisfy the following condition.
Definition 7 The isometry φ : Qdp → Q
d
p is called mod p-affine if for any ball B ∈ T (Qp) the
corresponding tangent map φB is an affine map of modules over the field of residues mod p, i.e. this
map is a combination of a non-degenerate linear mod p map and a translation from the module.
We denote Ap,d the group of mod p-affine isometries of Q
d
p.
Due to surjectivity of φ the map φB will be non degenerate. Taking different xB and xφ(B) we
obtain maps φB which differ by translations.
The set of all possible maps φB of the above form constitutes a semidirect product of the
factorgroup of the group Od of norm conserving linear maps of Q
d
p → Q
d
p over the subgroup of
matrices from the set 1 +Mat(pZdp) (where Mat(pZ
d
p) is the set of d× d square matrices with the
matrix elements in pZp) and the group of translations F
d
p. This and the results of [8] imply the
following lemma.
Lemma 8 For the mod p-affine isometry φ and the ball B with the characteristic function Ω(pγ ·
−n), which maps to the ball φ(B) with the characteristic function Ω(pγ ·−n′), γ ∈ Z, n, n′ ∈ Qdp/Z
d
p,
the wavelet ψJγn supported on the ball B maps to the product of the wavelet ψφBJ,γn′ supported
on the ball B′ and some p-root of the unit.
Therefore wavelet bases allow us to study representations of the introduced subgroup of the
group isometries of Qdp (equivalently of the orispheric group of automorphisms of the corresponding
tree of balls).
6 Subsets, bases and isometries
Let us consider the set of linear independent vectors {k1, . . . , kd}, kl ∈ Q
d
p (a basis in Q
d
p). The
following lemma describes some sets which can be constructed taking linear combinations of vectors
from the basis.
Lemma 9 1) Let the points z = (z1, . . . , zd) belong to the ball |z|p ≤ p
γ , all vectors in the basis
{k1, . . . , kd} have the norm one and {k1mod p, . . . , kdmod p} generate F
d
p. Then there exists a one
to one correspondence between the d-dimensional ball z : |z − x0|p ≤ p
γ , x0 ∈ Q
d
p and the set of
points of the form
x0 +
d∑
l=1
zlkl.
2) Let the points z = (z1, . . . , zd) belong to the sphere |z|p = p
γ, all vectors in the basis
{k1, . . . , kd} have the norm one and {k1mod p, . . . , kdmod p} generate F
d
p. Then there exists a one
to one correspondence between the d-dimensional sphere z : |z − x0|p = p
γ, x0 ∈ Q
d
p and the set
of points of the form
x0 +
d∑
l=1
zlkl.
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3) Let the points z = (z1, . . . , zd) belong to the product of the one dimensional sphere |z1|p = p
γ
and the d − 1-dimensional ball |zl|p ≤ p
γ , l = 2, . . . , d. Let also the vectors from the basis
{k1, . . . , kd} have the properties: |k1|p = 1, |kl|p = p
−1, l = 2, . . . , d, and the set of vectors
{k1mod p, (p
−1k2)mod p, . . . , (p
−1kd)mod p}
generates Fdp.
Then the subset S ⊂ Qdp of the form
x0 +
d∑
l=1
zlkl
with x0 ∈ Q
d
p, is the union of p− 1 balls with the diameter p
γ−1.
Each of the balls (enumerated by j = 1, . . . , p− 1) can be parametrized as
x0 + jp
γk1 +
d∑
l=1
zlkl, |z1|p ≤ p
γ−1, |zl|p ≤ p
γ , l = 2, . . . , d.
Proof The unit ball inQdp with the center in zero is a Zp-module of the rank d. The set {k1, . . . , kd}
of vectors in Qdp generate the unit ball (as a module) if and only if the set {k1, . . . , kd} contains
the norm one linear independent vectors and {k1mod p, . . . , kdmod p} generates F
d
p.
An arbitrary ball is a translation and dilation of the unit ball with the center in zero. This
proves the first statement of the lemma.
A sphere is a difference of two balls. This implies the second statement of the lemma.
Statement 3 of the lemma: consider the set {jpγ}, j = 1, . . . , p − 1 of representatives in the
maximal subballs in the sphere |z1|p = p
γ . Then we can apply the first statement of the lemma
to any of the balls with the centers in x0 + jp
γk1, the basis {k1, p
−1k2 . . . , p
−1kd} and the set
|z|p ≤ p
γ−1.
This finishes the proof of the lemma. 
Remark 10 Equivalently, if we have the set S (which is a subset of the ball B = sup(S) – of
the minimal ball which contains S) described in the part 3 of the above lemma, we can recover
the basis {k1, . . . , kd} in the following way. Taking two different maximal subballs in S and
choosing some points y0, y1 in these balls, we put k1 = diam(B)(y1 − y0) (with this choice
|k1|p = 1). Then we choose arbitrary vectors k2, . . . , kd in such a way that |kl|p = p
−1, l = 2, . . . , d,
{k1, p
−1k2 . . . , p
−1kd} is a basis in Q
d
p and the set {k1mod p, (p
−1k2)mod p, . . . , (p
−1kd)mod p}
generates Fdp.
We also recover the point x0 ∈ B as follows: taking the obtained vector k1 and any point
y0 ∈ S we consider the set of p points in B of the form yj = y0 + j diam
−1(B)k1, j = 0, . . . , p− 1.
Then p − 1 of the described points will lie in S and one of the points will not belong to S. We
denote this point yA. Then taking the maximal subball in B containing yA we choose an arbitrary
point x0 in this subball.
The basis {k1, . . . , kd} and x0 so constructed are not unique but if we apply to any of the
constructed bases and points x0 the procedure of the part 3 of lemma 9 we reproduce the set S
unambiguously.
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Remark 11 Using the previous remark one can consider the following one–to–one correspondence
between the sets S described in the Statement 3 of lemma 9 and pairs (F∗pk1, B0) where k1 ∈ F
d
p,
k1 6= 0, F
∗
p is the set of non zero elements in the field Fp of residues mod p and B0 ∈ Q
d
p/pZ
d
p
(equivalently B0 can be considered as the maximal subball in B = sup (S) which contains the
point x0).
To reproduce the set S we consider k1 as a vector in Q
d
p (taking an arbitrary representative in
the equivalence class), then we take an arbitrary set {k2, . . . , kd} such that k1
⋃
{p−1k2, . . . , p
−1kd}
generate Zdp as a Zp-module. Then we choose an arbitrary point x0 ∈ B0.
The obtained basis {k1, . . . , kd} together with the point x0 generate the set S with the help of
the part 3 of lemma 9. The set S obtained in this way will depend only on F∗pk1, k1 6= 0 ∈ F
d
p and
the maximal subball B0 in B, x0 ∈ B0.
The pair (k1, B0) can be considered as a vector in the affine space F
d
p (i.e. a vector together
with the point to which the vector is attached).
The statement of the next lemma describes the images of the sets S described in the part 3 of
lemma 9 with respect to a mod p-affine isometry.
Lemma 12 Let φ be a mod p-affine isometry and S be a subset of the ball B ⊂ Qdp corresponding
to a non-zero vector in the affine space (k1, B0) ∈ F
d
p. Then the subset φ(S) of the ball φ(B) will
correspond to the vector φ(k1, B0) = (φ(k1), φ(B0)) in the affine space.
Equivalently, for the set S corresponding to the point x0 ∈ B and the basis {k1, . . . , kd} in
Qdp, {k1mod p, (p
−1k2)mod p, . . . , (p
−1kd)mod p} generates F
d
p, and the mod p-affine isometry φ,
the set φ(S) will be a set belonging to the same family of sets (described in the part 3 of lemma
9) and will correspond to the point φ(x0) and the basis {φ(k1), . . . , φ(kd)}.
Proof The set S is a union of p− 1 balls. Since φ is an isometry it maps disjoint balls to disjoint
balls with the same diameters. Therefore it is sufficient to check the action of φ on the centers of
the mentioned balls. The centers of the balls in S are the points x0+ jp
γk1, j = 1, . . . , p− 1. The
images of these points by mod p-affinity of φ are
φ(x0 + jp
γk1) = (φ(x0) + jp
γφB(k1)) mod p
γ+1.
Here we identify k1 ∈ Q
d
p, |k1|p = 1 with its image in F
d
p (this makes sense since we consider the
above identity mod pγ+1).
This set has the form of a set described in the part 3 of lemma 9. This finishes the proof of
the lemma. 
Remark 13 The above lemma can be understood as follows. We have the action of the group
Ap,d of mod p-affine isometries in Q
d
p. This action generates the action of Ap,d by automorphisms
of the tree T (Qdp).
Each vertex B in T (Qdp) is equipped with the module F
d
p (the elements of the module are in
one to one correspondence to maximal subballs in B). We consider this family of modules as a
fiber bundle over T (Qdp).
To each B ∈ T (Qdp) we associate the corresponding set S (equivalently, family of vectors
(F∗pk1, B0) where (k1, B0) is a non-zero vector in the affine space F
d
p). The family of sets S
corresponding to all vertices in the tree T (Qdp) can be considered as an equivalence class of affine
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vector fields on T (Qdp) which do not take zero values where two affine vector fields are equivalent
if one can be made equal to the other by multiplication by a F∗p-valued function.
Lemma 12 states that the tangent map for a transformation from Ap,d maps the fiber bundle
on T (Qdp) of affine vector fields with values in F
d
p to itself.
Remark 14 The vectors k1 6= 0 ∈ F
d
p are in one to one correspondence to maximal subballs in the
unit sphere in Qdp. This set of balls is parametrized by J in (8), (9). This is exactly the parameter
on the set of wavelets associated to a ball in Qdp.
The correspondence is straightforward — we put J = k1 where k1 ∈ F
d
p is considered as a
vector in Qdp with the coordinates equal to the corresponding residues in the finite field of residues.
Therefore the mentioned above fiber bundle can be considered as a fiber bundle of wavelets.
7 Operators and isometries
Let us denote by B(x0, p
γ) the ball with the center in x0 and the diameter p
γ . Consider the vector
field k = {(k1(B(x0, p
γ))} on the tree of balls T (Qdp). Here k1 is a non-zero vector in F
d
p.
Correspondingly (by remark 11) k describes the family of bases described in the part 3 of
lemma 9.
Using the above notations let us introduce the integral operator of the following form.
Definition 15 The following operator will be called a pseudodifferential vector field
DF (·),k(·)f(x) =
∑
γ∈Z
∫
|z1|p=p
γ
|zl|≤p
γ,l=2,...,d
F (B(x, pγ))
[
f(x)− f
(
x+
d∑
l=1
zlkl(B(x, p
γ)
)]
dz1 . . . dzd. (3)
Here F (B(x, pγ)) is a complex valued integration kernel defined on the tree of balls T (Qdp).
This operator can be considered as an operator of pseudodifferentiation along the vector field
k on the tree of balls T (Qdp).
Remark 16 For fixed x and γ the integration in (3) runs over the set S ⊂ B(x, pγ) which
corresponds to the point x and to the basis {k1, . . . , kd}. Sets of integration of this kind are in
one–to–one correspondence to vectors (k1, B0) in the affine space F
d
p, where B0 is the maximal
subball in B(x, pγ) containing the point x and k1 6= 0 ∈ F
d
p corresponds to the basis {k1, . . . , kd}.
Remark 17 The above formula (3) may look complicated, but this is a direct generalization of
a standard pseudodifferential operator (which can be diagonalized by the Fourier transform). For
a standard pseudodifferential operator we have the expression
Df(x) =
∫
Qdp
F (|x− y|p)(f(x)− f(y))dy =
=
∑
γ∈Z
∫
|z|p=pγ
F (pγ)
[
f(x)− f
(
x+
d∑
l=1
zlkl(B(x, p
γ)
)]
dz1 . . . dzd (4)
12
where the basis {kl(B)} = {k1, . . . , kd} for any ball B contains vectors having norm one.
The main differences between the above standard definition and formula (3) are the following:
1) The integration domain in (3) (for a fixed γ) is the product of a one dimensional sphere and
a ball, instead of a d-dimensional sphere in (17);
2) The basis {k1, . . . , kd} in (3) contains one vector of norm one and the other vectors are of
norm p−1, instead of basis containing vectors all of norm one as in (17) (moreover operators (17)
do not depend on the choice of the corresponding bases);
3) In (17) we might consider the integration kernel F (B(x, pγ)) as in (3). Actually a family of
operators of the form (17) with kernels F (B(x, pγ)) was considered in [4] for the p-adic case and
in [5], [6], [7] for general locally compact ultrametric spaces.
For a mod p-affine isometry φ we denote by φ(k) the set of bases {φ(k1), . . . , φ(kd)} corre-
sponding to balls B.
The next theorem describes the transformation with respect to a mod p-affine isometry of the
operator DF (·),k(·) given by (3) corresponding to the integration kernel F (B) (complex valued
function on T (Qdp)) and the vector field k(B) on T (Q
d
p) with non-zero values in F
d
p.
Theorem 18 Let φ be a mod p-affine isometry. Then
Φ ◦DF (·),k(·)f(x) = DF (φ(·)),φ−1k(φ(·)) ◦ Φf(x). (5)
Here we denote Φ the map on functions on Qdp which corresponds to the mod p-affine isometry
φ:
Φ[f ](x) = f(φ(x)).
Formula (5) is the analogue of the transformation of a vector field considered as a pseudodifferential
operator with respect to a change of coordinates.
Proof Let us consider
DF (·),k(·) ◦ Φf(x) = DF (·),k(·)f(φ(x)) =
=
∑
γ∈Z
∫
|z1|p=p
γ
|zl|≤p
γ,l=2,...,d
F (B(x, pγ))
[
f(φ(x))− f
(
φ
(
x+
d∑
l=1
zlkl(B(x, p
γ)
))]
dz1 . . . dzd. (6)
Consider the map
φ : S → φ(S),
where the set S is described by the part 3 of lemma 9:
S = {x+
d∑
l=1
zlkl(B(x, p
γ), |z1|p = p
γ , |zl| ≤ p
γ, l = 2, . . . , d}
By lemma 12 the set φ(S) has the above form where instead of x and {k1, . . . , kd} we have to
use φ(x) and {φ(k1), . . . , φ(kd)}
φ
(
x+
d∑
l=1
zlkl(B(x, p
γ)
)
= φ(x) +
d∑
l=1
z′lφ(kl(B(x, p
γ)),
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where z′l belong to the same subset of Q
d
p.
Moreover since the map φ is an isometry it conserves the measure, therefore
dz′1 . . . dz
′
d = dz1 . . . dzd.
We get for (7) the expression
DF (·),k(·) ◦ Φf(x) =
=
∑
γ∈Z
∫
|z1|p=p
γ
|zl|≤p
γ,l=2,...,d
F (B(x, pγ))
[
f(φ(x))− f
(
φ(x) +
d∑
l=1
zlφ(kl(B(x, p
γ))
)]
dz1 . . . dzd.
Analogously
Φ ◦DF (·),k(·)f(x) =
=
∑
γ∈Z
∫
|z1|p=p
γ
|zl|≤p
γ,l=2,...,d
F (B(φ(x), pγ))
[
f(φ(x))− f
(
φ(x) +
d∑
l=1
zlkl(B(φ(x), p
γ)
)]
dz1 . . . dzd.
We get
Φ ◦DF (·),k(·)f(x) = DF (φ(·)),φ−1k(φ(·)) ◦ Φf(x).
This finishes the proof of the theorem. 
8 Appendix
In this section we put some definitions and notations used in p-adic analysis.
We denote Fp the field of residues mod p and F
∗
p the multiplicative group of non zero elements
in Fp.
For a p-adic number x with the expansion over the degrees of p (where p is prime) of the form
x =
∞∑
j=γ
xjp
j, xj = 0, . . . , p− 1, γ ∈ Z, xγ 6= 0 (7)
its p-adic norm is |x|p = p
−γ.
The norm in Qdp is introduced as follows: for x = (x1, . . . , xd) ∈ Q
d
p the norm is defined as
|x|p = maxl=1,...,d|xl|p.
p-Adic wavelets were introduced in [3]. Using the notations of [8] the (multidimensional)
wavelet basis {ψγnJ} in the space L
2(Qdp) has the form of the set of functions of the form
ψγnJ(x) = p
− dγ
2 ψJ (p
γx− n), x ∈ Qdp, γ ∈ Z, n ∈ Q
d
p/Z
d
p,
n =
(
n(1), . . . , n(d)
)
, n(l) =
−1∑
i=βl
n
(l)
i p
i, n
(l)
i = 0, . . . , p− 1, βl ∈ Z−.
where
ψJ(x) = χ(p
−1Jx)Ω(|x|p), x, k ∈ Q
d
p, Jx =
d∑
l=1
Jlxl, (8)
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Here
J = (j1, . . . , jd) , jl = 0, . . . , p− 1, (9)
where at least one of jl is not equal to zero. The function Ω(|x|p) is the characteristic function
of the unit ball and χ is the complex valued character of a p-adic argument which for x with the
expansion (7) takes the form
χ(x) = exp
(
2pii
−1∑
j=γ
xjp
j
)
.
The Vladimirov operator of p-adic fractional differentiation is the pseudodifferential operator
of the form
Dαf(x) = F−1[|k|αpF [f ]](x),
where F is the p-adic Fourier transform
F [f ](k) =
∫
χ(kx)f(x)dx
and F−1 is the inverse Fourier transform, the integration is taken with respect to the p-adic Haar
measure.
For α > 0 this operator can be put into the form
Dαf(x) =
1
Γp(−α)
∫
Qp
f(x)− f(y)
|x− y|1+αp
dy, Γp(−α) =
pα − 1
1− p−1−α
.
Ultrametric spaces are dual to trees with some partial order. Below we describe some part of
the duality construction.
For a (complete locally compact) ultrametric space X we consider the set T (X), which contains
all the balls in X of nonzero diameters, and the balls of zero diameter which are maximal subbals
in balls of nonzero diameters. This set possesses a natural structure of a partially ordered tree.
The partial order in T (X) is defined by inclusion of balls.
Two vertices I and J in T (X) are connected by an edge if the corresponding balls are ordered
by inclusion, say I ⊃ J (i.e. one of the balls contains the other), and there are no intermediate
balls between I and J .
On the tree T (X) we have the natural increasing positive function which puts in correspondence
to any vertex the diameter of the corresponding ball.
Assume now that we have a partially ordered tree T , satisfying the conditions:
1) Graph T is a tree, i.e. for any pair of vertices there exists a finite path in T which connects
these vertices and T does not contain cycles.
2) Each vertex in T is incident to a finite set of edges.
3) For any finite path in T there exists a unique maximal vertex in this path.
Let us choose an arbitrary positive increasing (w.r.t. the partial order) function F on this tree.
Then we define the ultrametric on the set of vertices of the tree T as follows:
d(I, J) = F (sup(I, J)),
where sup(I, J) is the supremum of vertices I, J with respect to the partial order. The vertex
sup(I, J) coincides with the above mentioned unique maximal vertex in the path IJ .
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Then we take a completion of the set of vertices with respect to the defined ultrametric and
eliminate from the completion all the inner points of the tree (a vertex of the tree is inner if it
does not belong to the border of the tree). We denote the obtained space X(T ), this space is
ultrametric and locally compact.
Definition 19 The set of vectors {fn} in the Hilbert space H is a frame, if there exist positive
constants A,B > 0, such that for each vector g ∈ H the following inequality is satisfied:
A‖g‖2 ≤
∑
n
|〈g, fn〉|
2 ≤ B‖g‖2.
The constants A and B are called the lower and the upper bounds of the frame correspondingly.
A frame is tight if the frame bounds A and B are equal. A frame is uniform if all elements have
equal norms.
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